Average limits Teacher notes
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Activity description

Pupils choose two numbers X and Y and
find their mean. Then they replace X
with Y and replace Y with the mean.
They find the mean of these two
numbers and then, using an iterative
process, investigate what happens.

It is intended that this investigation be
done using a calculator or computer.

Suitability
Pupils working at all levels; individuals
or pairs

Time

1 hour upwards

AMP resources
Pupil stimulus, spreadsheet

Equipment
Calculator or computer

Spreadsheet for introduction and/or to
work through examples as required

Key mathematical language

Mean, iterate, converge, limiting value,

Average limits VAN ( ] ( )

First | Second | Mean

Choose two 1] 10
numbers ... 11 10 5.5
... and find their / /
mean.

~ 10 55 B
Replace the first number
with the second and the
second with the mean. 10 5.5 T7.75
Work out the mean of the
new first and second
numbers,

- o’

Repeat the sequence of instructions inside the
brackets. What happens if you keep going?

Investigate what happens to other pairs of
starting numbers.
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conjecture, decimal places, rounding, variables, algebraic expression

Key processes

Representing Moving from generation of a few results to systematic
exploration of the relationship between starting numbers and limit.

Analysing Working systematically, controlling variables to identify

patterns leading to generalisations.

Interpreting and evaluating Exploring and verifying generalisations
about the limit with a view to expressing patterns algebraically;

justifying results and generalisations.

Communicating and reflecting Explaining the approach taken and the

outcomes; describing conclusions.
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Teacher guidance

It is intended that this task is carried out using a spreadsheet, but for
the first explanatory example pupils should work out the means, using
a calculator if needed. You can use the ‘columns sheet’ on the
provided spreadsheet to introduce the activity. Ask pupils for two
numbers and their mean, and input these into the spreadsheet. The
mean can be checked using the spreadsheet.

Ask pupils what the next two numbers will be and their mean.
Emphasise which numbers are being replaced each time. Continue to
model the process for the first 4 or 5 rows, waiting for pupils to find
the mean before using the spreadsheet to confirm each value.
Compare and discuss any discrepancy between the results from their
calculators and those given by the spreadsheet.

Pupils should continue with their chosen example until they notice
something happening with successive results. They can then explore
the limiting process with different pairs of starting numbers.

You may wish to model the process with more than one pair of starting
numbers.

The ‘rows sheet’ of the spreadsheet can be used to input results from
several pairs of starting numbers for analysis.

During the activity

Ensure that pupils can use a computer spreadsheet, a programmable
calculator or computer, or a calculator capable of recursive
computation. If possible, encourage pupils to program their own
formulae or macros to generate results.

Ensure that pupils do not give up too soon and that they continue with
a pair of numbers until iterates are almost identical. If inputting
numbers by hand, discourage pupils from rounding their results to too
few decimal places.

Allow pupils to choose their own starting pairs of values. As the work
progresses, emphasise that the purpose is to find a link between the
two starting numbers and the limiting mean.

For those considering working on the problem using variables,
encourage them to do so and to explore any patterns that emerge.
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Probing questions and feedback

AMP activities are well suited to formative assessment, enabling pupils
to discuss their understanding and decide how to move forward. See
www.nuffieldfoundation.org/whyAMP for related reading.

If you continue generating results for a pair of numbers, what do
you think will happen?

Will the average limit be the same if the starting numbers are used
in reverse order?

How could you investigate how each of your starting numbers
contributes to the average limit?

Can you express any relationships you have found using algebra?
How could you tell when you have found the average limit?

If you have a conjecture for a general rule, how can you justify your
belief that it will work in all cases?

Are there any pairs of numbers for which the process does not
converge to a limit? How can you justify your answer?

How many pairs of starting numbers will give an average limit of 15?

Extensions

Consider the problem for a string of three numbers (replacing the
first number by the second, the second by the third, and the third
by the mean of the three numbers, and then iterating the process).
Consider longer strings.

Use the geometric mean instead of the arithmetic mean.

Choose an integer. Subtract half the number then add 1. Repeat
with your result, and continue in the same way. What happens? Can
you show why?

Suppose that instead subtracting half, you subtracted one third, or
one quarter, or ... of your number, then added 1. What would
happen then?
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Progression table

The table below can be used for:

« sharing with pupils the aims of their work

« self- and peer-assessment

» helping pupils review their work and improve on it.

The table supports formative assessment but does not provide a
procedure for summative assessment. It also does not address the rich
overlap between the processes, nor the interplay of processes and

activity-specific content. Please edit the table as necessary.

Representing

Uses a suitable
mathematical
approach

Analysing

Systematic
generation of
results; accuracy of
results

Interpreting and
Evaluating

Identifying patterns
and generalising

Communicating and
reflecting

Quality of discussion
and elegance of final
solution

Shows understanding
of the task by

Finds correct
results for one pair

Makes a simple
observation on the

Results shown clearly

Pupil A
producing some of numbers for a limiting value P
correct results few iterations .
Pupil B
Pupil A Pupil A
Uses efficient methods | Applies the rule Makes valid Shares sufficient

to generate results
leading to limiting
value

Pupil B

until limiting value
is found

Pupil B

observations,
relating starting
numbers to limiting
value

Pupils C, D, E

results to show a
limiting value

Pupils B, C, D

Chooses to keep one
variable constant and
systematically changes
the other variable

Pupils C, D

Generates results
with one variable
constant while
systematically
varying the other

Pupils C, D

Verifies or has
supporting
evidence for
accurate
relationships
between limiting
value and starting
numbers

Pupil F

Describes clearly and
succinctly the
systematic approach
taken and reflects on
how conclusions were
arrived at

Chooses algebraic or
function-based
approach to represent
the relationship
between starting
numbers and the
limiting value

Pupils E, F

Explores general
relationships,
algebraically or
graphically

Pupil F

Justifies functional
relation(s) found

Communicates
accurate functional
relation(s) found,
algebraically or
graphically

Pupil F

ZO—U')(DH‘IIJG)OJU'U|
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Sample responses

Pupil A

Starting with 1 and 10, Pupil A
has applied the procedure several
times and listed the averages
produced.

Further results are recorded in a
table.

No observations are made about
the numbers produced.

Probing questions
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«  What do you notice about the numbers in the

third column?
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« Do you need to keep repeating the process to know what will
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happen?
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Pupll B Clipboard Fl Font il Alignment
. | AL - ( % |
Pupil B has generated results for two - - - - - -
chosen numbers and makes the 3 |step  First Second Average
. . 4 1 1.0000000 10.0000000 5.5000000
observatlgn that the sum of the final two . 2 10000000 5.5000000 B—
numbers is 14, and that the average of the 6 3 55000000  7.7500000 6.6250000
numbers has arrived at a limit of 7. ’ 4 7.7500000,  6.6250000 e
a8 5 6.6230000 7.1875000 6.9062500
There is no attempt to gather results from 2 3 TWETELLD  GEEEEIY TRLUETIEY
. 10 7 6.9062500 7.0468730 6.9765625
other starting numbers, and therefore W & T e e
insufficient evidence to make a general el 9 69765625  7.0117188 6.9941406
13 10 7.0117188 6.9941406 7.0029297
Statement' 14 11 6.9941406 7.0029297 6.9985352]
15 12 7.0029297 6.9985352 7.0007324
16 13 6.9985352 7.0007324 6.9996338)
17 14 7.0007324 6.9996338 7.0001831
Pro bing questions 18 15 6.9996338 7.0001831 5.9999084|
19 16 7.0001831 6.9999084 7.0000458)
« If you were to choose different starting 20 17| 65999084) 7.0000458 Fezesll
21 18 7.0000458 6.9999771 7.0000114
numbers, what would happen to the 2 19 6.9999771 7.0000114 6.9999943
ﬁnal Ilmlt? 23 20 7.0000114 6.9999943 7.0000029
. 24 21 6.9999943 7.0000029 6.9999956)
. 25 22 7.0000029 6.9999986 7.0000007
« If you reversed the order of your starting 5 — _, T s
numbers would the final limit be the 27 24| 7.0000007] 6.999935% e
28 25 6.9999996 7.0000002 6.9999999
same ? 29 26 7.0000002 6.9999999 7.0000000
30
31 [This shows that the average eventually comes to 7 when the
32 |sum of the First and Second is 14 at the end.
33
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Pupil C
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Pupil C has fixed the first number as 1 and repeatedly increased the
second number by 1, making the valid observation that the average
increased by two-thirds each time. There is no evidence of work with
any other starting number. The observation refers to the results in the
accompanying table, but is not sufficiently clearly expressed to stand
alone.

Probing questions

«  What happens if the first number isn’t 1?

If you kept the second number constant, and increased the first
number by 1 each time, how much would the result change by?

« For any two starting numbers, could you predict what the average

limit would be?
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Pupil D
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Pupil D (see previous page)

Pupil D has held the first variable constant, while systematically varying
the second. An observation on successive averages ending in 2/3, 1/3,
and 1 is noted, but no further observations are made.

The fraction equivalents have a transcription error on the first
sequence, starting when the average is 9. An incorrect assumption is
made at the beginning of the second sequence, that (2, 1) will give the
same resultas (1, 2).

Probing questions

«  What was the effect of changing the first number from 1 to 2?

«  What would happen if you fixed the second number and let the first
number change?

« How did you calculate the limiting value for (2, 1)? Do you get the
same result no matter which order the starting numbers are in?

Pupil E

The dfteoce botuwesn Asd B muitipied by bo thids
aod  tohen Away from e brSQr num bas-

o in a\nglJ?
Adverage Advarage = A= % (A-8)

Pupil E has established a general relationship between the results and
the values of A and B, expressed using algebra. A and B are not defined
as the first or second numbers, and the pupil has not justified the
algebraic result.

Probing questions

« You say that two-thirds of the difference is subtracted from the
larger number. Does it matter whether the larger number is the first
or second number?

« Does your result work for any values of A and B, such as fractions or
negative numbers?

«  Why is this the formula for the average limit?
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Pupil F

-

Clipboard ™= Font ] Align fishealls : font z Algnment
r 31 - -
| D27 - fe | =(B27+C27)/2 B ¥ .
- e lculator A B C D E F G
Average Limit Calculator 1 First  Second  Limit First  Second  Limit
2 1 10 ¥ 4 1 2
15t Number: 2nd Number :Mean 3 1 E] 6.33 4 z Z.67
1 10 g5[ _ Mean 4 1 k3 5.67 4 3 3.33
10 55 7.75] __Pew2 5 1 7 5 4 4 4
55 775 geos| _ Fows | & 1 [ 4.33 4 5 4.67
775 £625 7875 __Pew+ 7 1 5 3.67 4 & 5.33
625 71875 Bgpees|  Pews 8 1 4 3 4 7 6
718750 Ga0626:  7o4egg|  Pews 3 1 3 2.33 4 8 6.67
£.A0625 otesl  eazess| o | = i 2 £87 : 3 738
704653 £.97656 7oire| Fevs | 11 : 2 - 3 .
6.97656 7oz, Baasa| Ao | =
crear 13 1 11 7.67
T.onv2 693414 00293 14 1 12 §.33
B.A3414 70023 .59354 15
700233 f.99864; 100073 16 Forlasistno. First {m) Second {n Limit
£.39354 700073 699963 17 Limit={n-1] % 0.67+1 5 10 8.33
.00073 E.99963 7.00018 18 (-] 10 8.67
£.95363 700003 539391 19 For2as 1stno. 7 10 k]
700012 699991 7.00005 20 Limit=(n-2) x0.67+2 B 10 9.33
£.33331 700005 £.93993 41 9 10 3.67
7.00005 6993931 7.00001 #2 F_”r_a gsdstno, 0 10 1A
BEEEED - - 23 Limit={n- 3} x 0.67 +3 11 10 10.33
7.00001 £99393.  7.00000) 22:
£.99939 700000 700000 38| Limit = (n-m) % 0.67 + m :'
v.00000 000 F.o00oo o7 T
28
Pupil F has investigated the problem by systematically varying the first
and second number in turn. Patterns have been spotted and
interpreted algebraically, first for one variable and then for two,
although the pupil has not attempted any further justification of the
algebraic results.
Probing questions
« Have you tested your conjecture for other numbers?
« Describe how you arrived at your formula.
- How would you explain or prove why this is the formula for the
average limit?
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